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Abstract

The concepts of differentiability, convexity, generalized convexity and minimization of a fuzzy mapping are known in
the literature. The purpose of this present paper is to extend and generalize these concepts to fuzzy mappings of several
variables using Buckley—Feuring approach for fuzzy differentiation and derive Karush-Kuhn-Tucker condition for the
constrained fuzzy minimization problem.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The theory of fuzzy differential calculus has been discussed by many researchers like Goetschel-Voxman
[8], Seikkala [12], Puri-Ralescu [11], Dubois—Prade [5,6], and Friedman—-Ming—Kandel [7]. A comparison of
these various definitions has been discussed by Buckley-Feuring [3]. Goetschel-Voxman, Puri-Ralescu, and
Friedman—Ming-Kandel have used non-standard fuzzy subtraction to define derivative of a fuzzy mapping.
Buckley—Feuring [2,3] also have defined the derivative of a fuzzy mapping using left and right-hand functions
of its a-level sets and established sufficient conditions for the existence of fuzzy derivative. Existence of Buck-
ley—Feuring derivative implies the existence of above derivatives. Hence in this paper we accept the concept of
differentiability of fuzzy mapping due to Buckley-Feuring [2,3].

Nanda and Kar [10] introduced the concept convexity for fuzzy mapping and proved that a fuzzy mapping
is convex if and only if its epigraph is a convex set. Yan—Xu [16] have discussed convexity, quasiconvexity of
fuzzy mappings by considering the concept of ordering due to Goetschel-Voxman [8]. Syau in [13] has proved
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some results on convex fuzzy mapping and in [14], introduced the concept of differentiability, generalized con-
vexity such as pseudoconvexity and invexity for fuzzy mappings of several variables. His approach is parallel
to Goetschel-Voxman approach for fuzzy mapping of single variable in which the set of fuzzy numbers are
embedded in a topological vector space.

Nanda—-Kar [10] have defined the concept of quasiconvex fuzzy mapping and have discussed some applica-
tions to optimization. However, since the set of fuzzy numbers is a partially ordered set, it might happen that
two fuzzy numbers may not be comparable (see Definition 3.10). Thus, in such case one is not sure what is the
maximum or minimum of two fuzzy numbers (that is, when they are not comparable). So to overcome this
difficulty, Syau [13] has taken a different approach and defined the supremum and infimum for a pair of fuzzy
numbers (see Lemma 2.6). Accordingly he modified the definition of a quasiconvex fuzzy mapping of Nanda—
Kar [10]. However, when we deal with the problem of minimization of a fuzzy mapping by considering the
infimum defined by Syau [13], we might get a unique infimum of the fuzzy mapping (provided it is bounded).
But in the process we might loose the solution, or in other words, there might not be any point (solution) (in
the domain) at which the fuzzy mapping will have the value equal to infimum (see Example 3.10). So to over-
come this difficulty we have modified the definition of quasiconvex fuzzy mapping in Section 4, which is dif-
ferent from Syau [13] as well as Nanda and Kar [10].

Section 3 deals with the minimization of a fuzzy mapping and also we introduce the gradient of a fuzzy
function, directional derivative of a fuzzy function and establish the condition for a local minimum of a fuzzy
differentiable function. The concept of convex fuzzy mapping, generalized convex fuzzy mapping such as quas-
iconvexity, strict quasiconvexity, strong quasiconvexity, pseudoconvexity using differentiability concept is
introduced in Section 4. Section 5 deals with the Karush—Kuhn-Tucker optimality conditions for the con-
strained fuzzy minimization problem.

2. Preliminaries

We first quote some preliminary notations, definitions and results which will be needed in the sequel.

Definition 2.1. Let R denote the set of all real numbers. A fuzzy number is a mapping # : R — [0, 1] with the
following properties:

1. % is normal, that is, the core of &t = core(#r) = {x € R : &1(x) = 1} is not empty,
2. @& is upper semi-continuous,
3. u is convex, that is,

(e + (1 = 2y) = minfu(x), u(y)}

forall x,y € R, € [0,1],
4. the support of &, supp 2 = {x € R : &t(x) > 0} and its closure c/(supp @) is compact.

Let 7 be the set of all fuzzy numbers on R. The a-level set of a fuzzy number z € Z, 0 < o < 1, denoted by
u[o], is defined as

] {{xelR:z](x);oc} if0<a<l,
uj| =
cl(suppu) if o =0.
It is clear that the a-level set of a fuzzy number is a closed and bounded interval [uy (), u*(a)], where u, (o)

denotes the left-hand end point of #[«] and u*(a) denotes the right-hand endpoint of i[x].
Also any m € R can be regarded as a fuzzy number i defined by

. 1 if t=m,
mt) = ,
{0 if ¢ # m.

In particular, the fuzzy number 0 is defined as 0(¢) = 1 if # = 0, and 0(¢) = 0 otherwise.
Thus a fuzzy number # can be identified by a parameterized triples

{(u(e),u" (), ) : 0 < o < 1}
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This leads to the following characterization of a fuzzy number in terms of the two “end point” functions u. («)
and u*(a).

Lemma 2.2 (Goetschel and Voxman ([8, Theorem 1.1])). Assume that I = [0,1], and u, : I — Randu* : I — R
satisfy the conditions:

1. u, : I — R is a bounded increasing function,

2. u* : I — R is a bounded decreasing function,

3. u (1) <u(l),

4. for 0 <k < L,lim,_;-u. () = u.(k) and lim,_;-u* () = u*(k),
5. lim,_ g+ u. (o) = u,(0) and lim,_,o+u* (o) = u*(0).

Then u : R — I defined by
i(x) = supf{o: u, (o) < x < (o)}

is a fuzzy number with parameterization given by {(u. (o), u*(a),0) : 0 < a0 < 1}. Moreover, if i : R — [ is a fuzzy
number with parameterization given by {(u. (o), u* (o), o) : 0 < o0 < 1}, thenfuncllons u, (o) and u* (o) satisfy con-
ditions (1)—(5).

For 1,0 € & the fuzzy addition and scalar multiplication can be defined, respectively, as: for x € R,
(& +5)(x) = sup[min(a(y), bx —y))I,
ye

and
wae = {0 170

where 0 € 7. We accept the subtraction of fuzzy numbers as defined by Dubois and Prade [4].
For this, define the opposite of a fuzzy number « to be the fuzzy number —u satisfying

(—u)(x) = u(—x).
In other words, if # is represented by the parametric form
{(u(a),u" (), ) : 0 <o < 1},
then —u is represented by the corresponding parametric form
{(—u* (o), —us(a),0) : 0 < x < 1}.
In this paper, if there is no confusion, we represent a fuzzy number # as (u.(o),u*(«)) instead of the triple
(. (o), " (o), ).

Definition 2.3 (Triangular fuzzy number). A fuzzy number a = (a.(),a*()) is said to be a triangular fuzzy
number if a,(1) = a*(1). Moreover, if a,(x) and a*(«) are linear then we say a a linear triangular fuzzy
number. We denote a linear triangular fuzzy number by (a.(0),a.(1),a*(0)).

For example for the fuzzy number a = (0, 1,4), we have afo] = [0, 4 — 3] for o € [0, 1].

Definition 2.4. Let A = (a1, a,...,a,) € #" and x = (x,x2,...,x,) € R" be an n-dimensional fuzzy vector
and an n-dimensional real vector, respectively. We define the product of a fuzzy vector with a real vector as
A'x =377 a;x;, which is a fuzzy number.

Definition 2.5. For &, € #, we say that # < 7 if for each o € [0, 1], u. (o) < vi(a),u*(0) < v* (o). f 2 <X D
b < @1, then # = b. We say that a4 < 0, if & < v and 3 o € [0, 1] such that wu, (o) < v.(atp) or u*(og) < v*(otp).
For u,v € #, if either # < 0 or ¥ < i, then we say that # and © are comparable, otherwise non-comparable.

F
Note that < is a partial order relation on . Sometimes we may write 0=u instead of u < 0.
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Lemma 2.6 (Yu-Ru Syau [13, Theorem 4.1)). Let &t,0 € F and u[o] = [u. (), u* ()], v[e] = [v<(e), v* ()] for
a € [0, 1]. Denote by

max{u.(a),v. ()} = w, (o), max{u"(a),v" ()} = w*(xx)

Sfor all o € [0,1]. Then the family of [w.(a), w* ()] represents the a-level sets of a fuzzy number w € F. Moreover
w is the least upper bound(sup) of {ui,0}. In a similar way infimum is also defined.

Definition 2.7 (Buckley—Feuring [3]). Let f, be a fuzzy mapping from the set of real numbers R to the set of
all fuzzy numbers, let £(¢)[«] = [f.(z,®), /* (¢, o)]. Assume that the partial derivatives of f,(z, ), /*(t, o) with
respect to t€ R for each «€[0,1] exist and are, respectively, denoted by f/(¢,a),/*'(t,). Let
[(t,a) = [fI(t,0), /" (t,0)] for s € R,o € [0, 1]. If I'(#, o) defines the a-cut of a fuzzy number for each 7 € R, then
f(2) is said to be differentiable and is written as & [o] = I'(¢,a) = [f'(t,2), /' (¢, )], for all € R, € [0, 1].

dr *

3. Minimization of a fuzzy mapping

Definition 3.1. Let 7 : Q C R” — Z be a fuzzy mapping. Consider the problem

Minimize  f(x),
subject to x € Q.

A point x € Q is called a feasible solution. If ¥ € Q and for no x € Q, f(x) < f(%), then % is called an optimal
solution, a global optimal solution, or simply a solution to the problem. If x € Q and if there exists an e-neigh-
borhood N, (%) around % such that for no x € QN N, (%), f(x) < f(%), then % is called a local optimal solution.
Similarly, if ¥ € Q and if there exists an e-neighborhood N (%) around % for some e > 0 such that for no
x(#X%) € QNN (%), f(x) < f(%), then & is called a strict local optimal solution.

Throughout this paper we have accepted the fuzzy differentiability concept due to Buckley—Feuring [2,3].

Definition 3.2 (Fuzzy mapping). Let f : Q — F be a fuzzy mapping, where Q2 C R” and Z is the set of fuzzy
numbers. The o-cut of f at xe @, which is a closed and bounded interval can be denoted by
FX)[] = [filx, 0), f*(x,2)] where fi(x,a) = min{f(x)[¢]} and f*(x,x) = max{f(x)[¢]}. Thus, f can be
understood by the two functions f,(x,«) and f*(x,«), which are functions from Q x [0, 1] to the set of real
numbers R, f.(x, ) is a bounded increasing function of « and f*(x, «) is a bounded decreasing function of «.
Moreover, fi(x,a) < f*(x,«) for each o € [0, 1].

Definition 3.3 (Continuity of a fuzzy mapping). Let f : Q C R" — Z be a fuzzy mapping. Then, f is said to be
continuous at x € Q, if for each o € [0, 1], both f.(x,a), f*(x, o) are continuous functions of x.

Definition 3.4 (Gradient of a fuzzy function). Let [ : Q — Z be a fuzzy mapping, where Q is an open subset of
R". Let x = (x1,x2,...,x,) € Q. Let D,,, (i =1,2,...,n) stand for the “partial differentiation” with respect to
the ith variable x;. Assume that for all « € [0, 1], f.(x, ®), f*(x, «) have continuous partial derivatives so that
D..f.(x,a), D, f*(x,a) are continuous. Define

Dof(x)[o] = [D,.f.(x,2), Dy f*(x,2)] fori=1,2,....n, a€l0,1]. (1)

If for each i = 1,2,...,n, (1) defines the a-cut of a fuzzy number, then we will say that / is differentiable at x,
and we write

Vf (%) = (D f(x), Deof (%), - - -, Dy, f (x). (2)
We call Vf(x), the gradient of the fuzzy function / at x. Thus, from Lemma 2.2, the sufficient conditions that
the gradient of f at x exists are

foreachi=1,2,...,n, 2 €[0,1],
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(i) the partial derivatives of f.(x, o) and f*(x,«) with respect to x; exist,
(ii) D, f.(x,o) is a continuous increasing function of «,
(iti) D, f*(x,a) is a continuous decreasing function of «,
(iv) Dy fulx, 1) < Dy f" (x, 1).

Note that Vf (x) is an n-dimensional fuzzy vector.

A fuzzy mapping f is said to be differentiable at x if V/ (x) exists and both f;(x,a),f*(x,a) for each
o € [0,1] are differentiable at x.

Note: For the gradient of a fuzzy mapping we use the symbol V, whereas for the gradient of a real valued
function we use the symbol V.

Definition 3.5 (Directional derivative of a fuzzy function). Letf” 1 Q C R" — 7 be a fuzzy mapping. Forx € Q,
let d € R" such that x + Ad € Q for 4 > 0 and sufficiently small. The directional derivative of /" at x along the
vector d (if it exists) is a fuzzy number denoted by f'(x;d) and whose a-cut is defined as,

F' e d)e] = [£((x;d), ),/ ((x:d), 2],

where f((x;d), «) = lim;_q, LEHELED) ang £ ((x; d), o) = lim;_q, L0220,

In the following example, we illustrate the above two concepts.
Example 3.6. Let f : R> — Z be defined by
flar,x) = (0:24)x] + (0:24)x) + (15 3;5),
S (xr,x2)[0] = 20,4 — 20x} + 20,4 — 263 + [1 + 20,5 — 20, o € [0, 1],

so we have, f.(x1,x,0) =20 + 203+ (14+20) and f*(x1,x2,0) = (4 — 20)x} + (4 — 20)x3 + (5 — 20),
a € [0,1].

1. Now Dxlﬂ(xl,xz OC) = 4ox Dxlf*(xl,xz, OC) = 2(4 — 2oc)x17Dfo*(x1,x2, O() = 4OLXQ7Dfo* (xl,xz, OC) = 2(4 — 206))(2.
Thus, V£ (x) = (D, f (x), D f(x)), where D, f(x) = (doox;,2(4 — 20)x1), Dy, f (x) = (4acxz, 2(4 — 20)x,). Notice
that both D, f(x),D,,f(x) a re fuzzy numbers for x; > 0,x, = 0. Thus, V£ (x) exist in the first (non-negative)
quadrant of R, i

2. Let (x1,x2) = (1,2),(dy,d>) = (1,1). We find the directional derivative of f at (x,x,) along (d,,d>)

f(((x17x2) (dlvdZ)) ) ﬂ(((1,2);(1,1)),o¢),
_ g 20 + 22 4202+ 2)7 + (1 +20) — 2o+ 8a + 1 + 20

J—0+ A

= lim (40l + 120),
A=04

X].
D,

)

= 12a,
1 (((n,x2); (dr,da)), o) = £(((1,2)5 (1, 1)), o),
(4—=20)(1+ 2)* + (4 = 20) (2 + 2)* + (5 — 20) — [(4 — 20) + 4(4 — 200) + 5 — 24]
J—0+ A

I

Thus f'((x1,x,); (di,d>))[o] = [120, 24 — 120].
Hence, the directional derivative of the above fuzzy function at (1, 2) in the direction (1, 1) exists and is a fuzzy
number whose a-level set is [120,24 — 120].

In this paper, we have tried to use the concept of minimum of a convex fuzzy mapping whose range is the
set of fuzzy numbers. Yu-Ru Syau [13] has defined maximum and minimum between two fuzzy numbers. Also
Nanda—Kar [10] (in Convex Fuzzy Mappings), and Wu [15] (in Saddle Point Optimality conditions in Fuzzy
Optimization Problems) have used a partial order relation in the set of fuzzy numbers to get the minimum
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value. But we see that in these approaches the minimum of a set of fuzzy numbers may not exist at a point in
the domain of the fuzzy mapping. For non-linear fuzzy optimization problem we need a point where the min-
imum of the fuzzy mapping exists. This type of difficulty arises due to the fact that the set of fuzzy numbers is
not totally ordered. This has forced us to define class of comparable and non-comparable fuzzy mapping.

Definition 3.7 (Comparable fuzzy function). Let f : Q C R" — 7 be a fuzzy mapping. Then, 1 is said to be a
comparable fuzzy function if for each pair x; # x, € Q, f(x;) and f'(x;) are comparable. Otherwise, f is said to

be a non-comparable fuzzy function. Let & denote the set of all comparable fuzzy functions.

Example 3.8. The function f defined in Example 3.6, that is,
F(x1,x2) = (0;2;4)x% 4 (0;2; 4)x% + (1;3;5)

is an example of a comparable fuzzy function.

Consider another example.

Example 3.9. Let /: Q C R — 7, where Q is the set of all positive real numbers, be defined by

[ = (05 152)%° + (1;2:3)x + (1:2;4),
F)[o] =[0,2 —alx® +[I + 0,3 —ofx + [l + 0,4 — 24], o€ 0,1].
If x € RY, then
folx,o) = o + (1 +o)x + (1 + o)
and
o) =Q2—-a)x+ 3 —a)x+ (4—-20), ac0,1].
For x >y € R", we have
foleyo) = (o) = ax® = ?) + (1 + ) (x —») > 0,
) = e =2-0)6 =)+ (B —a)(x—y) > 0.
Thus, f(y) < f(x). Hence, f is a comparable fuzzy function.

(3)
(4)

Below we have furnished an example of a fuzzy mappings for which Yu—Ru Syau [13] and other’s approach
to find a point of minimum fails. This fuzzy mapping is a non-comparable fuzzy mapping, hence all the points

are point of minimum.

Example 3.10. Consider the fuzzy mapping, 4 : 2 C R — %, where Q is the set of all positive real numbers,

h(x) = (0; 1;4)x% — (0; 3;4)x + (1;2;4).
The a-cut is given by
h(x)[o] = [o,4 — 3ox® — [3et,4 — ofx + [1 + o, 4 — 24].
Hence,
ho(x,0) =ox* — (4 —a)x+1+a
and
B (x,0) = (4 — 300)x* — 3ox + (4 — 200).
Now let x1,x, € R such that x; > x, > 0. Then
ha(xr, ) = h(x2,0) = axf —x3) — (4= 2) (61 —x2) = (51 — x2) [ +x2) — (4 — )],
B (1, 0) — B (x2,00) = (4 — 30) (x] — x3) — 3a(xy — x2) = (x1 — x2)[(4 — 30) (x1 +x2) — 301
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To check whether % is comparable or not we have to check whether both (5) and (6) are simultaneously non-
positive or simultaneously non-negative. Now as o — 0, 4% — 00 and ﬁéd — 0. Therefore, if both (5) and (6)
non-negative then (x; + x,) is infinite, and if (5) and (6) non-positive then (x; + x,) becomes non-positive, this
contradicts that x;,x, are finite positive real numbers. Hence, iz(xl) and iz(xz) are not comparable for all posi-
tive numbers x| # x;.

Let x; = 2,x, = 3. Then h.(2,a) = 7o — 7 and A"(2,a) = 20 — 200. h.(3,2) = 130 — 11 and /" (3, ) = 40—
38a. Thus, 4(2) = (—7;0;20), h(3) = (—11;2;40). Clearly, h(2) and h(3) are not comparable. Hence, # is a
non-comparable fuzzy function.

E
lB
G
D_“A C F
T T T T Bl
-11 =7 0o 2 20 40

Let l:z(Z) = u(say) (the part ABC in figure) and 71(3) = 1(say) (the part DEF in figure).
Let 4(2) = u(say) and A(3) = ¥(say). Let us find the supremum and infimum between & and ¥ according to
(Syau[13]) as follows:

W =sup{i,p} = | J [72—7,40-382] | [130— 11,40 — 384]

2€[0,2/3] 2€[2/3,1]
and
z=inf{u, 0} = [130 — 11,20 — 200 U [Too — 7,20 — 200].
2€[0,2/3] 2€[2/3,1]

In the figure, AGEF represents the fuzzy number w and DGBC represents the fuzzy number Z.

But there does not exist any x € Q such that z(x) = #w or for that matter /(x) = z.

Therefore, we will not consider the infimum (or supremum) in the minimization (or maximization) of a
fuzzy mapping according to Yu—Ru Syau. Rather we will consider the order relation defined by Nanda-Kar
[10], and Wu [15].

Remark 3.11. Since < is a partial order relation, minimum value of a non-comparable fuzzy function may not
be unique. Hence, a non-comparable fuzzy function has a set of minimal values. Therefore, application of
fuzzy differential calculus to find minimum of a fuzzy mapping may not be fruitful for a non-comparable fuzzy
function. Explicitly, we cannot put the necessary condition for the minimum of a non-comparable differentia-
ble fuzzy function as @f(x) = 0 which we can do for comparable fuzzy mappings (see Theorem 3.13). To over-
come this type of difficulties we consider the fuzzy functions which are comparable. Otherwise for arbitrary
fuzzy functions which are differentiable we may assume a point to be a point of minimum only if that is,
Vf(x) = 0° holds, where 0* is a fuzzy number whose core is {0}. For example, for the fuzzy function % in
Example 3.10, Vi(3/2) = (—4,0,12).

Theorem 3.12. Let f: Q CR" — ZF, (f € & and Q an open set) be differentiable at x € Q. If there is a vector
d € R" satisfying Vf.(x, ®)'d <0, or Vf*(x,0)'d <0, for at least one o € [0,1] implies there exists a 6 > 0 sat-
isfying f(x + Ad) < f(x) for each ). € (0,0), in that case we say that d is a descent direction of [ at x.
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Proof. By the differentiability of / at x, we have f,(.,«) and f*(.,) are also differentiable at x. Without loss of
generality assume that V™ (x, %)'d < 0, for some o € [0, 1]. Then, by Theorem 4.1.2 (Bazaraa [1]) there exists
a 6 >0 such that f*(x + Ad, o) < f*(x, %) for 1€ (0,8). Now since / € &, we have f(x+ id) < f(x) or
jf(x) f(x+2d). But since f*(x+id,o0) < f*(x,%), f(x) < f(x+ id) is not true. Thus, f(x+ id) <
f(x). O

Here, we present the first-order condition for a local minimum of a fuzzy mapping.

Theorem 3 13. Let f € & be differentiable at x € Q C R" an open set. If x is a point of local minimum, then

V) =

Proof. Suppose V/(x) # 0. Then there exists oy € [0, 1], such that V. (x, %) # 0 or Vf*(x, %) # 0. With out
loss of generahty suppose that Vf.(x,a) #0. Let d=—Vf.(x,0). Then we get Vf,(x,o)'d=
—|IVfi(x,%)|* < 0. Now by Theorem 3.12, there exists a d > 0 such that f(x+Ad) =< f( ) for 1€ (0,9),
which contradlcts the assumption that x is a point of local minimum. Therefore, Vf(x) =0. O
Example 3.14. Consider the fuzzy mapping / in Example 3.6. Vf(x)=0= D, f(x) =0,D, f(x) =0 =
X1 = 0,X2 =0. s 5 B

Thus, at (0,0) € R?, V£(0,0) = 0 and it can be easily seen that f has minimum at (0,0).

Definition 3.15 (Twice differentiable fuzzy function and Hessian of a fuzzy function). Let f : Q — F be a fuzzy
mapping, where Q is an open subset of R". Let x = (x1,x2,...,%,) € Q. Let D, (i,j = 1,2,...,n) stand for the

“second-order partial” with respect to the i-th variable x; and Jjth variable x;. Assume that \Y f ( ) exists and for
all o € [0,1], fi(x, ), f*(x, ) have continuous second-order partial derivatives so that D, f.(x, &), Dy, f*(x, o)
are  continuous  (here Dy, fi(x,%) = Dy (Ds fi(x, %)) = Dy (Dy fi(x,0)) = Dy fu(x,00), Dy f*(x,0) =
D, (ijf*(x’ OC)) = DX/ (Dxif*(x’ O‘)) = ijx,'f*(x? OC)) Define

Dy F () [o] = Dy f (6, 0), Dy f* (v, )] for i,/ =1,2,....n, @€ [0,1]. (7)

If for each i,/ =1,2,...,n, (7) defines the a-cut of a fuzzy number, then we define the Hessian of the fuzzy
function (in the matrix notation) as follows:

V2 (x) = (D f (), 1. (8)

We will say that 7 is twice differentiable at x, if the Hessian of the fuzzy function exists and both
Sfe(x,0), f*(x, ) are twice differentiable at x. The sufficient conditions that the Hessian of the fuzzy mapping
f at x exists are

foreachi,j=1,2,...,n, 2 €[0,1],

(i) V/(x) exists,
(ii) the second-order partial derivatives of f.(x,«) and f*(x, o) with respect to x;,x; exist,
(iii) Dy f.(x, o) is a continuous increasing function of o,
(iv) Dy, f*(x, o) is a continuous decreasing function of «,
(v) Dx;x,-f*<x7 1) < Dxixjf*<x7 1.

Definition 3.16 (Positive definite and positive semi-definite fuzzy matrix). Let A= (@;;) be an n x n fuzzy matrix
in which the entries a;; (i,j = 1,2, ..., n) are all fuzzy numbers. 4 is said to be a positive definite fuzzy matrix if
for each « €0,1], the left hand and the right-hand o-level matrices ((a.),(«)) and ((a*),(a)) (Where
ai; = ((a.);(a), (a*),;())), are all positive definite. Similarly, 4 is said to be a positive semi-definite fuzzy
matrix if for each o € [0, 1], the matrices ((a.),(«)) and ((a*),(e)) (Where a; = ((a.),, (%), (a*),(2))), are all
positive semi-definite.
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Example 3.17. Consider the fuzzy matrix 4 = (g 9) where a = (0,4, 8) = (40,8 — 4o). We will show that
a
this matrix is a positive semi-definite fuzzy matrix but not positive definite fuzzy matrix. For this we consider

the a-level matrices <gu 2&) and (g — 4 g _ 4y ) . It can be easily checked that both the above matrices

are positive semi-definite for all o € [0, 1]. But for o = 0, the first matrix is not positive definite. Hence, 4 is a
positive semi-definite fuzzy matrix but not positive definite fuzzy matrix.

Theorem 3.18. l:et~]~’ € & be twice differentiable at x € Q an open set. If x is a point of local minimum, then
V£ (x) =0 and V*f(x) is fuzzy positive semi-definite.

Proof. Consider an arbitrary direction d € R”". Then, since / is twice differentiable at x, we have f.(., ) and
f*(., o) are twice differentiable at x for all o € [0, 1], and so by Taylor’s expansion of f.(.,a) and f*(-, o) at x,
we have
Ffulx+ 2d,0) = fi(x,0) + AV L. (x, 0)'d + (1/2) 2d"V [, (x, 0)d + 2*||d||*0(x; 2d, ), 9)
Frx4ad, o) = £ (x,0) + AV (x, 0)'d + (1/2) 2d" V21 (x, 0)d + 72||d||*0(x; Id, ), (10)
where 0(x; Ad,«) — 0 as /. — 0. Since x is a point of local minimum, by Theorem 3.13 we have (V/(x) =0,

that is, we have V£, (x,a) = 0 = Vf*(x, ) for each o € [0, 1]. Now by rearrangement of (9) and (10) and divid-
ing by 2% > 0 individually, we get

folx 4+ Ad, o) — fu(x,a)

~ = (1/2)d'Vf.(x,a)d + ||d|*0(x; id, ), (11)
A
[t *d’j;) =S5 202 (x, a)d + (PO d, ). (12)

Since x is a point of local minimum, we have £, (x + Ad, o) > f.(x,o) and f*(x + Ad, «) = f*(x,«) for « € [0, 1]
for 2 sufficiently small. Therefore, the right side of (11) and (12) are positive and by taking the limits as 1 — 0
the result follows. O

Example 3.19. For the fuzzy mapping f defined in Example 3.6, it can be easily calculated that V£ (x) exists
and is equal to (g 9 which is a positive semi-definite fuzzy matrix as seen in Example 3.17.
a

4. Convexity and generalized convexity of fuzzy mappings

Definition 4.1 (Convex fuzzy mapping). Let /:QCR"— Z be a fuzzy mapping, where Q is a convex subset
of R". 1 is said to be convex on @, if for each a € [0, 1] both fi(x, ), f*(x,«) are convex on @, that is, for
0<A< L, x,yeQ,

L fi((1 = A)x+ y,0) < (1 = 4)fi(x, o) + Afi(y, o) and
2. /(1 = Dx+ o) < (1= 2)f*(xya) + A (v, ).

f is said to be concave if —f is convex.

Example 4.2. The fuzzy function f in Example 3.6 is convex on R?, and the fuzzy function % in Example 3.10 is
convex on €.

In the next two results, we discuss the necessary and sufficient conditions for a differentiable fuzzy mapping
to be convex.

Theorem 4.3. Let [ be a fuzzy mapping on an open convex set Q C R". Let f be differentiable at xo € Q. If f is
convex on Q, then for each x € Q and o, € [0, 1], we have
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V. (x0, )" (x = xo), (13)
Vf*(x0, )" (x — xo)- (14)

Jolx,0) = fu(xo0, )
f*(x’ O‘) —f*(X(),OC)

=
>

Proof. Let / be convex at xo. Then, f,(x, o) and f*(x, o) are convex at x, for each « € [0, 1]. Therefore, by The-
orem 6.1.1 (Mangasarian [9]), we have the desired result. [

Theorem 4.4. Let | be a fuzzy mapping from an open set @ C R" to F. Let f be differentiable on Q. Then, a
necessary and sufficient condition for f to be convex on Q is that for each x,y € Q and a € [0, 1], the following
two inequalities hold:

[Vfilx,0) = VL, o)) (x = »)
(VS (x0) =V (v, @) (x = »)

0, (15)

=

= 0. (16)
Proof. A real valued differentiable function g defined on an open convex set Q is convex if and only if for each
x,y € Q

[Ve(x) = VeW))'(x — ) > 0. (17)

Since [ is a differentiable convex function on @, so f. (x,o) and f*(x, o) are real valued differentiable convex
function on Q for each « € [0, 1]. Therefore, they satisfy (15) and (16), respectively.

Conversely, suppose f(x, o) and f*(x, o) satisfy (15) and (16), respectively, for each x,y € Q and « € [0, 1].
By assumption f is differentiable on Q and hence f; (x, ), f*(x, o) are differentiable function on Q for each
€ [0,1]. Now following (17), both f,(x, o), /*(x, ) are convex for each « € [0,1]. Hence, by definition f is
convex. [

The concept of directional derivative of a fuzzy mapping in a direction is important to find the optimal
solution of fuzzy nonlinear programming problem. The following theorem proves the existence of directional
derivative of a fuzzy mapping at a particular point.

Theorem 4.5. Let Q be an open convex subset of R" and let f : Q — F be a convex fuzzy mapping. For x € Q let
the a-cut of f at x be denoted by f(x)[a] = [f.(x, ), f*(x,a)]. Then, for d #0 € R", f.((x;d), o) and f*((x;d), )
exist for each o € [0, 1]. Moreover, if (f.((x;d),a),*((x;d),a)) represents a fuzzy number then the directional

derivative of [ at x in the direction d that is, f'(x;d) exists.

Proof. Since f is convex on @, we have f,(x, «), /*(x, %) are convex functions on  for each « € [0, 1]. There-
fore, f7((x;d), ) and f*'((x;d), o) exist for each o € [0, 1]. Hence, the proof is complete. [

Theorem 4.6. Let f be a twice differentiable fuzzy mapping on an open convex set Q C R" to 7. 1 is convex on Q
if and only if for each x € Q, V*f(x) is a positive semi-definite fuzzy matrix.

Proof. Necessity. Since f is twice differentiable on , we have for each « € [0,1], f.(.,2), and f*(., ®) are twice
differentiable on Q. Assume that f be convex on @, that is for each « € [0, 1], £.(., &), and f*(., &) are convex on
Q. Therefore, the Hessian matrices V£, (x, a), V2f*(x, «) for each x € Q,a € [0, 1] are all positive semi-definite
matrices. Since f is twice differentiable, V£ (x, o), V2/*(x, «) are nothing but the left hand and right-hand end
points of the a-cut of V2f(x) for each a € [0, 1]. Thus, V2f(x) is a positive semi-definite fuzzy matrix.

Sufficiency. Since f is twice differentiable, V2f (x) exists for each x € Q, moreover let V2/(x) be a positive
semi-definite fuzzy matrix. Then the left and right-hand o-level matrices of @zf(x) (that is,
V2. (x,2), V2f*(x,a) for each o € [0,1], respectively), are all positive semi-definite matrices. As a result
f.(x,) and f*(x, ) are all convex on  for each « € [0, 1]. Hence by definition f is convex on Q. [

Example 4.7. The fuzzy mapping f in Example 3.6, is a convex fuzzy mapping since V2/(x) is a positive semi-
definite fuzzy matrix.
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The concept of quasiconvex fuzzy mapping have been introduced by Nanda and Kar [10]. But the concept
for finding the maximum of two fuzzy numbers has not been discussed in their paper. It may happen that two
fuzzy numbers are not comparable. So we modify the definition of quasiconvex fuzzy mapping as follows:

Definition 4.8 (Quasiconvex fuzzy mapping). Let f:QCR'— Z be a fuzzy mapping. Let Q be a non-empty
convex set in R". f is said to be quasiconvex if, for each x,y € @, the following inequality is true:

x4 (1 = 2)y] < max{f(x),f(»)} foreach /e (0,1), (18)

whenever f(x) and f(y) are comparable.

The fuzzy mapping 1 is said to be quasiconcave if —f is quasiconvex.

Definition 4.9 (Strictly quasiconvex fuzzy mapping). Let /~’ : Q CR" — 7 be a fuzzy mapping. Let Q be a non-
empty convex set in R". 1" is said to be strictly quasiconvex if, for each x,y € Q with f(x) # f (), the following
inequality is true:

x4 (1 = 2)y] < max{f(x),f(»)} foreach /€ (0,1), (19)

whenever f(x) and f(y) are comparable.

The fuzzy mapping f is said to be strictly quasiconcave if —f is strictly quasiconvex.

Definition 4.10 (Strongly quasiconvex fuzzy mapping). Let f:QCR"— Z be a fuzzy mapping. Let Q be a
non-empty convex set in R”. f is said to be strongly quasiconvex if, for each x,y € Q with x # y, the following
inequality is true:

Flx+ (1= A)y] < max{f(x),f(y)} foreach /e (0,1), (20)

whenever f(x) and j‘(y)~ are comparable. }
The fuzzy mapping f is said to be strongly quasiconcave if —f is strongly quasiconvex.
Here, it may be noted that every strictly quasiconvex fuzzy mapping may not be quasiconvex. We show it

by an example.

Example 4.11. Consider the fuzzy mapping f : R — Z defined by

- b t=0,
fO =9 =
0 ¢t#0,
where b = (1,2,3). Then it can be easily checked that 7 is strictly quasiconvex.

_ However, 2 is not quasiconvex, since for ¢, = 1,7, = —1, we have f(t) = f(1,) =0, but f(%tl +1n) =
f(0) = b= max{f(n),f()}.

Nanda and Kar [10] have proved that for a strictly quasiconvex fuzzy mappingf defined on a convex subset
Qin R”, a local minimum is a global minimum. In the proof they used the concept of a local minimum as: Let X
be a point of local minimum of f in  means there exists a neighborhood N of & in Q such that /(%) < f(x) for
all x € N. But in case of fuzzy mapping it might happen that there exists no neighborhood N of  such that
f(&) < f(x) for all xe N (see Example 3.10). But still % is a point of local minimum if for no
x € QNN (%), f(x) < f(%) for all x € N. Hence, we have modified the result in [10] as follows:

Theorem 4.12. Let /: Q CR" — F be a strictly quasiconvex fuzzy mapping, where Q is_a nonempty open
convex set in R". If X is a local optimal solution, then there does not exist xo € Q such that f(xo) < f ().

Proof. Suppose there exists x; € Q such that f(x)) < f(%). By the convexity of Q, Ax, + (1 — A)i €  for each
/€ (0,1). Since % is a point of local minimum by assumption, then 3 no f[ix + (1 — A)i] < f(%) for each
/.€(0,0) and for some o€ (0,1). But because f is strictly quasiconvex and f(xo) < f (%),
flixo 4+ (1 — A)x] < f(x) for each 1 € (0,1). This contradicts that X is a local optimal point, and the proof is
complete. [
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Theorem 4.13. Let f : Q C R" — F be a strongly quasiconvex fuzzy mapping, where Q is a nonempty open con-
vex set in R". If X is a local optimal solution, then there exists no xo(# %) € Q such that f(xy) < f(%). That is % is
a unique global optimal solution with objective value f(X).

Proof. Since X is a local optimal solution, there exists an e-neighborhood N (X) around % such that for no
x € QNN.(X), f(x) < f(x). Contrary to the theorem, let Ix, € Q with xo # % and f(xo) < f(%). By strong
quasiconvexity, it follows that

FlPxo + (1 = 2)x] < max{f(xy),f (%)} = f(x) foreach i¢e (0,1).
But for 2 small enough, Axy + (1 — 2)x € Q N N(%), and thus the above inequality contradicts that % is a local
optimal point. Hence, the proof is complete. [
Below we derive the necessary and sufficient condition for a differentiable fuzzy mapping to be quasiconvex.

Theorem 4.14. b2 1 Q CR" — 7 be adifferentiable fuzzy mapping, where Q is a nonempty open convex set in R".
Let f € &. Then f is quasiconvex if and only if the following statement holds: If x1,x, € Q and f(x1) < f(x2),
then Vf(JQ)t(xl —X2) <0.

Proof. Let / be quasiconvex, and let x;,x, € Q be such that f(x;) < f(x,). Since / is differentiable at x,, we
have f.(.,o) and f*(., o) are differentiable at x, for each o € [0, 1]. Hence

S+ (1= 2)xa,2) = fu(ra, ) = VS (32, 0)' (01 = x2) + A1 = 2a[[0. (x2, (31 = x2), ), (21)
SOx+ (1= Axa, ) = f*(x2,0) = AV (2, )" (01 = x2) + A1 = 22|07 (2, A0t = x2), ), (22)

where as 2 — 0, 0. (x2, A(x; — x3), %) — 0,0 (x2, A(x; — x3), %) — 0.
By the quasiconvexity of f, and as f(x1) <X f(x2), we have

Flx + (1= 2)x < max{f(x1),f(x2)} = f(x2) for each /€ (0,1) (23)
that is, for each o € [0, 1],

Sy + (1= 2)xz, ) < fi(or2, ) (24)
and

i (x + (1 = Dxp, o) < fH(x2, ). (25)
Now (21), (22), (24) and (25) imply that

AN S (2, 00) () — x2) + AlJx1 — x2]|0. (2, A(x1 — x2), ) <O (26)
and

IN (2, 00) (1 — x2) + Aller — %207 (32, A(x) — x2), ) <O (27)
Dividing (26) and (27) by 4 and taking 1 — 0, we get

V£ (2, ) (x; —x3) <0, (28)

V1 (32, 2) (x) —x2) <O. (29)

This is equivalent to
@f(xz)t(xl — xz) § () (30)

Conversely, suppose that x;,x, € Q and f(xl) < f(xz). We need to show that given part 1, for each o € [0, 1],
the inequalities (24) and (25) are true. Let

P={x:x=Jx;+ (1 = Dx,2e€(0,1),f(x) = f(x2)}.
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We show that P is empty. If not, then suppose that there exists an y € P. Let y = Ax; + (1 — A)x,, for some
2€(0,1) and f(y) = f(x). So there exists o €[0,1] such that either f.(y,2) > fi(x2,%) or
£ (v, 20) > fi(x2, 2%). Without loss of generality assume that £, (y, o) > f.(x2, %). Now since f is differentiable,
f.(., o) is also differentiable and in particular f,(.,a) is differentiable and hence continuous. Therefore, there
exists a 6 € (0,1) such that

folky + (1 = k)xp,00) > filxa,00) Yk € [0,1] (31)
and

Jo,20) > fu(0y + (1 = 0)x2, %) (32)
By (32) and the mean value theorem, we must have

0 < fi(y; %) = £u(0y + (1 = 0)x2, %) = (1 = &) Vfi(w, 20)' (v — x2), (33)

where w = k'y + (1 — k')x, for some k' € (5,1).
Since y = Ax; + (1 — A)xz and (1 —0) > 0, (33) gives
0< Vf*(W, O(())t(xl — Xz). (34)

From (31), we can obtain f.(w, o) > f.(x2, %0).
But since fi(w,00) > fi(x2,00) > fi(x1,0) and w is a convex combination of y and x, and hence in the
convex combination of x; and x;, say w = Ajx; + (1 — 41)x2, where 4; € (0,1).

Now by the assumption of the theorem

@(W)t(xl —w)<0=(1- il)@(w)t(x] —x) <0 (35)
and therefore, we must have
0= Viw, o) (xi —w) = (1= A)VEW o) (x —x). (36)

The inequality (36) is not compatible with (34).
Hence P is empty, and the proof is complete. [

Definition 4.15 (Pseudoconvex fuzzy mapping). Let /:QCR'— Z be a fuzzy mapping, where Q is a non-
empty convex set in R” and / differentiable on Q. The mapping / is said to be pseudoconvex if for each
x1,%; € Q with 0 < Vf(x)'(y —x) we have f(x) < f(y). The fuzzy mapping f is said to be pseudoconcave
if —f is pseudoconvex

Theorem 4.16. Let f: Q C R" — 7 be a differentiable pseudoconvex fuzzy mapping, where Q is a nonempty
open convex set in R". Then f is strictly quasiconvex.

Proof. By contradiction, suppose that Jx,y € Q such that f(x) # f(»), (f(x) and f(y) are comparable) and
f(2)=max{f(x),f(v)}, where z=/x+ (1 —-2)y for some A€ (0,1). Without loss of generality let
f(x) < f(»), so that

[0 =<70) < /(). (37)
Since f is pseudoconvex we have V/(z)'(x —z) < 0. Now since Vi(z) (x —2) <0 and x —z=—L£(y—2),

thus ():< V]’(z)’(y—z), and by pseudoconvexity of f, we must have f(z) <. ( ). From (37), we get

f@=rm.
Also, since 0 < Vf(2)'(y — z), 3 a point w = kz + (1 — k)y with k € (0, 1) such that

f0) =F@) < Fw). (38)
Again by pseudoconvexity of f, we have V/(w)'(y —w) < 0. Similarly, Vf(w)'(z — w) < 0. That is, we must
have

Viw)(y—w)<0 and Vf(w)(z—w)=<0.



60 M. Panigrahi et al. | European Journal of Operational Research 185 (2008) 47-62

Now as y — z = 7% (w — z) and hence the above two inequalities can not be satisfied together. This contradic-

tion shows that f is strictly quasiconvex. [

Theorem 4.17. Let f : Q — F be a pseudoconvex fuzzy mapping, where Q is a nonempty open convex set in R".
Let f € & Then x € Q is a point of global minimum if and only if Vf(x) = 0.

Proof. If x is a point of global minimum then by Theorem 3.13 V£ (x) = 0.

Conversely, suppose that V/(x) = 0. Then we have V£ (x)'(y —x) = 0 Vy € Q. Hence, by the pseudocon-
vexity of f, we have f(x) < f(») for all y € Q. Hence, x is a point of global minimum.

Wu [15] has given saddle point optimality conditions in fuzzy optimization problem, Nanda and Kar [10]
have studied convex fuzzy mappings and some of its application to optimization, but differentiability concept
is not taken into consideration. Syau [14] have discussed differentiability and convex fuzzy mappings. But
constrained fuzzy optimization under differentiability has not been discussed in the literature so far. [

5. Constrained fuzzy minimization problems

Let Q) be an open set in R, and let / : Q) — F be a fuzzy mapping. Let g : Q) — Z" be an m-dimensional
fuzzy function.
A constrained fuzzy minimization problem is
Minimize f/(x)
subject to  g(x) < 0, (39)
x =0,
where x € R". ~ -
Here, “Minimize f(x)” is as explained in Section 3, and for g = (g;)/,, (39) means (g,(x) < 0 for each
i=1,...,m).

5.1. The Kuhn—Tucker stationary point fuzzy problem (KTFP)

Let f and g respectively, be a fuzzy mapping and an m-dimensional fuzzy vector function, both defined on
Qo.
Define the Lagrangian fuzzy function as

Lix,u) = [ (x) + u'g(x).
The Kuhn-Tucker stationary point fuzzy problem (KTFP) is to find x € Qy,u € R" if they exist, such that

Vf(x) +u'Vg(x) =0, (40)
2(x) <0, (41)
vglx) = 0, (42)
u > 0. (43)
Note that in (40) 0 € #, in (41) 0 € #” and in (42) 0" € Z is such that core(O~*) = 0.
Also (40) is equivalent to
Vf.(x,a) +u'Vg,(x, o) =0, (44)
(3, 4) + Vg (x,50) =0 (45)

for each o € [0, 1].

Theorem 5.1 (Sufficient optimality criteria for the KTFP). .
Letx € Qo C R", let Qo be open, and let f and g be differentiable and convex at %. Let f* € & and the Lagrangian
Sfunction L(x,u) € & (a comparable function of x). If (x,i) is a solution of KTFP, then % is a solution of FMP.



M. Panigrahi et al. | European Journal of Operational Research 185 (2008) 47-62 61

Proof. Since f is convex and differentiable at &, we have both . (x, &) and f*(x, o) are convex and differentiable
at x for each « € [0, 1]. Now for any x € Q, « = 1, we have by Theorem 4.3

ﬁ(xv 1) _f*(f@ 1) = Vf*(fc’ 1)()6 _)Ac)v
= —i'Vg.(x,1)(x — %) (by (44)),
> i'g, (%, 1) —g.(x,1)] (since g is convex),

>0 (uz0andg,(x,1)=0).

Since f € &, we conclude that  is a solution to FMP. [J

The following example justify Theorem 5.1.

Example 5.2
Min f(x,y) = ax* 4+ by
subject to  h(x,y) = (x —2)> +d(y —2)* <k, (46)

x>0, y>0,

where @ = (0;2;4), b = (0;2;4), & = (0;2;4), d = (0;2;4), k = (0;2;4).
Note that (46) is equivalent to:

2o(x — 2)* + 2a(y — 2)* < 20, (47)
(4—20)(x —2)" 4+ (4 —2a)(y —2)* < 4 — 21 (48)

for each o € [0, 1]. That is same as

2a(x — 2)* 4 20(y — 2)* — 20 < 0, (49)
(4—20)(x—2) "+ (4 —20)(y —2)" — (4 —20) <0 (50)

for each « € [0, 1].
Now consider the function g = (g, (x, ), g"(x,®)) where

g.(x, ) = 2a(x — 2)* + 20(y — 2)* = 20 and
gxa) =(@-20)x-2"+(@-20)(-2)" - (4-2a).

It is easy to see that g is a fuzzy mapping.
Now let L((x,y),u) = f(x,y) + u’g(x,), then

L. ((x,y),u,0) = 20* + 2007 4 u20(x — 2)* + 2a(y — 2)* — 201,

L*((x, ), u,0) = (4 — 20)x% + (4 — 200y + u(4 — 20)[(x — 2)* + (v — 2)* — 1],

VL ((x,),u,00) = (4ox + 4uo(x — 2), 4oy + 4uo(y — 2)),

VL ((x,y),u,0) = (2(4 — 20)x + 2u(4 — 20) (x — 2),2(4 — 20)y + 2u(4 — 20) (y — 2)).

Now we have to solve

Ve Le (0, ), u,00) = 0 = V) L*((x, ), u, ), (51)
2(x,») <0, (52)
”g(x’y) = 6a (53)
u = 0. (54)
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That is to solve
dox + duo(x — 2) = 0 = 4oy + dua(y — 2),
2(4 —20)x +2u(4 —20)(x —2) =0 =2(4 — 2a)y + 2u(4 — 20)(y — 2),
20(x — 2)* 4 2a(y — 2)* =20 < 0,
(4 —20)(x —2)* + (4 = 20)(y — 2)* — (4 — 20) < 0,
u[20(x — 2)* + 20(y — 2)* — 24] = 0,
ul(4 —20)(x —2)* + (4 = 20)(y — 2)° — (4 —20)] = 0,
u=0.
Solving (55)—(61), we get x = 2u/(u+ 1) =y and u = 2¢/2 — 1. Thus, x =2 — % =
Thus, the minimum value of the problem is found to be a(2 — 7) + b(z - %)

6. Conclusion

The concept of convex fuzzy mappings without differentiability has been discussed in the literature by many
researchers. The objective of this paper is to introduce the concept of convex fuzzy mappings and generalized
convex fuzzy mappings under differentiability. Using this concept the sufficient optimality condition for con-
strained fuzzy minimization problem has been derived in Section 5. However, different types of necessary and
sufficient optimality conditions such as Fritz John constraint qualification and Slater’s constraint qualification
for fuzzy nonlinear optimization problem can be derived in a similar way which is the future research scope of
this paper. Also other types of generalized convexity such as invexity and bonvexity for fuzzy mappings with

differentiability can be defined in a similar way.
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