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Abstract

In the present article the spatio-temporal fractional-order nonlinear reaction-advection-diffusion equation is solved using the
neural network method (NNM). Shifted Legendre orthogonal polynomials with variable coefficients are used in the network’s
construction. The characteristics of a fractional-order derivative are used to determine the loss function of a neural network. The
permissible learning rate range is discussed in detail, assuming that the Lipschitz hypothesis is accurate for the nonlinearity in
reaction term. We have demonstrated the application of the NNM on two numerical examples by utilizing the neural networks
which had been repeatedly trained on the training set. In other words, we have validated the effectiveness of the method for
such problems. The effects of reaction term and also the degree of nonlinearity in reaction and advection terms on the solution
profile are visualized through graphical presentations for specific test cases.
© 2023 International Association for Mathematics and Computers in Simulation IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

The fractional order integrals and derivatives were developed practically at the same time when the integer
calculus was developed. Fractional calculus has attracted a lot of attention recently due to its wide applications
in a variety of fields including financial systems, physical, chemical, geological and biological systems [3,4]. No
approach provides an exact solution to the fractional-order differential equation (FDE). However, the nonlinear
fractional order partial differential equations (FPDEs) have attracted special attentions of the scientific commu-
nity [2,5,11,16,19,20,24,25]. The time memory or historical inheritance of a fractional derivative is its most notable
characteristic [9], because of which, fractional derivatives have extensive applications in diverse domains [10]. FPDE
can be used to represent a variety of natural systems, including the thermal pollution of river systems, atmospheric
pollution and groundwater pollution. The equation that describes the flows in porous media is solved to determine
the velocities of the transport medium. Although the flow equations are nonlinear, diffusion and advection are
the most crucial factors. The advection—diffusion equation describes how a solute is transported when advection
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and diffusion are acting together. reaction-advection-diffusion equations, another type of chemical equation, are
shown to exist when the chemical being carried through soil is reactive. In general, fractional differential models
do not have any analytical solution, or if they do, the analytical solutions are challenging to calculate because
of the involvement of many complicated functions in such models. Therefore, it is crucial to put more effort in
research related to FDEs for their numerical solutions. Nonlinear FDEs are typically difficult to solve precisely,
necessitating the use of numerical methods and methods of approximation. Researchers in this field have primarily
suggested three numerical procedures to effectively solve the corresponding FDE:s: the finite element method (FEM),
the spectrum method (SM) and the finite difference method (FDM). In order to solve various types of linear and
nonlinear ordinary FDEs, Raja et al. [14] have developed a feed-forward artificial neural network (ANN)-based
method. He demonstrated the usefulness of this approach along with the limitation that this approach provides less
accuracy while dealing with difficult nonlinear FDE:s.

The ANN based approach for numerical solutions to FDEs was examined by [12] to show the effectiveness of
these networks. The effectiveness of this technique was demonstrated by comparing with the analytical solution
and a number of numerical techniques which are currently in use. Improvement of the performance in thermal and
environmental processes using ANN with conformable transfer function is done in [22]. An overview of real-world
uses for ANN in fractional calculus can be found in [26]. The trial solutions of models are built from a combination
of adjustable and non-adjustable elements. PDEs, linked with ODE systems, and individual ODEs can be solved
using the said technique. In [6], the authors thought about using an iterative approach to solve FDEs and used the
generalized sigmoid function as the cost function. Wei et al. [27] suggested that the time-fractional Fokker—Planck
equation can be solved using a neural network. In [8], a complete description of radial basis function in neural
network algorithms to solve various kinds of differential equations has been provided. The sequential quadratic
programming (SQP) algorithm is used to effectively update the weights of the network via restricted optimization.
In [15], the authors have created a new computing method employing fractional neural networks to solve fractional-
order Bagley—Torvik equations with initial conditions. In recent years, it is seen a growth of crucial dynamical
problems, dependent on time, space, or both, showing behaviour of the fractional-order. The fractional Adams—
Bashforth approach was described in its right form in [1]. Functional link neural network (FLNN), a higher order
neural network, was used to represent linear and nonlinear delay fractional optimal control problems (DFOCPs)
with mixed control-state constraints in [7]. Using a novel method based on ANN, the approximate solutions of
FDEs were investigated in [28]. Neural network approach being a part of Artificial intelligence (AI) has become
very popular due to its ability to do incredible tasks like finding the patterns in data which otherwise is very difficult.
B. Shiri et al. in [18] proposed an adaptive gradient descent method based on NNM to minimize energy functions.
For image processing, speech recognition, manufacturing virtual assistants like Alexa, training machines, this can
perform more efficiently than a human being. ANN is also performing in those areas very efficiently, where human
beings could not even think of it even one or two decades ago.

In present paper, we are putting forth a numerical method to solve the nonlinear time—space fractional PDEs. This
method, consisting of Legendre polynomials, is motivated by the literary work [13], which employed the NNM to
solve an integer order differential equation. Here we have made an effort to employ the method to solve a nonlinear
FPDE, which is first of its kind.

The benefit of the studied method is its primary concept which is based on training the networks by using a small
number of sample points on the solution area. It is noticed that the accuracy improves with more training. However
it was very challenging to deal with the accuracy of the method with larger number of training set. The NNM is
regarded as superior to the FEM, FDM or any other numerical method for solving the nonlinear PDEs in integer as
well as fractional-order systems. This is because NNM can improve the calculation accuracy by encrypting the grid
or by adding interpolating nodes. In contrast to the grid-based method, which can only find approximate solutions
for grid points, NNM can obtain the approximate solutions for all of the points in the interval from a small sample
of points FRADESs are in general solved using numerical methods. The scientific community is trying to develop
and employ new and advanced techniques to achieve the more accurate solutions of FRADEs and also to reduce
the effort in obtaining these solutions. Hence, state of the art methods developed in recent years such as NNM need
to be tested for such problems. This led us to attempt the present study.

Here an endeavour is made to apply the NNM based on Legendre polynomials to investigate the following
nonlinear time—space fractional order reaction-advection-diffusion equation (FRADE) given by

% w(x, t Pw(x,t dw(x,
wex, 1) _ 9w ) e %D Rw). 0 < < 1.1 < B <2, (1)
o« oxP ox
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under the prescribed initial condition and boundary conditions as

w(x, 0) = T(x),0 < x < X, @

w0, 1) = U1, 0 <1 < T, 3)

WD _ o< =T, 4
0x

where n € N, the set of all natural numbers and v is the advection coefficient.
The reaction term is considered here as R(w) = w(x, t)(1 — w"(x, t)) which fulfils the Lipschitz criterion:

|R(wi) — R(wy)| < Llwy — ws, Ywy, ws.

The remaining portion of this article is structured as follows. A few helpful definitions are introduced in Section 2,
along with Legendre polynomials and their shifted counterparts. A thorough explanation of NNM is given in
Section 3. For the aim of demonstrating the efficacy of the concerned method, two numerical examples are given
in Section 4. Section 5 discusses the results of the present work. The last section, Section 6, concludes the article.

2. Preliminary information

2.1. Definition

In the Caputo sense, the partial derivative of fractional-order « of a function w(x, ) with respect to x is defined
as [17]

1 x d"w(E, 1 .
T )fo (x—f)"fa*l%dé, ifn—1<a<n,
c o _ n o n
Owa(x’t) - a”'l,U(X,l) ' (5)
—_— ifa =neN.
ox"

2.2. Legendre polynomial

Legendre polynomials on [—1, 1] are defined by the following recursive relations given as [13]

l(x) =1,
Li(x) =x,
2i +1 i
l; = —xl; - i=1,2,3,...;
+1(x) T (x) P 1(x), i

Analytical form of Legendre polynomial is given as

F vk Nk
Li(x)zz( DG+ ) (1 —x)

G —k)  2kk!? ,i=0,1,2,...;

k=0
The shifted Legendre polynomial of degree i on the interval [0, X] is therefore given by the explicit analytical form

i

-1 i+s | + | K
Lx(x)= ZO ( zi _(;)! ) X‘Y)Es!)z’i =0,1,2,...; (6)

and the boundary values of Ly ;(x) are

Lx(0) = (=1),

Lyi(X)=1.
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3. Neural network method

In this section, we will talk about how NNM works to solve nonlinear FRADE. The gth test result is denoted
by [13]:
My M;
wi(x, 1) =Y > ul Lxi(x)Lz (1), (7
i=o j=o
where Ly ;(x) and Ly ;(t) are the shifted Legendre polynomials stated in previous section. So, the function
w9(x, t) defined in (7) is a continuous function on [0, 1] x [0, 1]. The network is deplcted in Fig. 3. The neural
networks change the weights to reduce the loss function using the unknown weights u! i €{0,1,..., M,} and
j€{0,1,..., M} those are first allocated at random. Model (1) will be approximated by mserting the test solution
wi(x,t) w1th unknown weights u ;,; and iteratively training to change the unknown weights ul
The basis functions Lt ;(¢), and L ;(x) have their time and spatial derivatives determlned from the model (1).
To begin, let us compute the time derivative. For convenience, let us consider

T(t)=I[Lro®),Lr:(t),...,Lrm ()],

where Lz ;(¢) is defined in (6).
Case 1: If « = 1, we have

dT(t) d ) ,
dt = E[LT,O(I)s LT,](t)s "~aLT,M;(t)] = [07 Lqu(t)v ""LT,M[(I)]’ (8)
where
/ LG et
Ly (=) i=1,2,...,M,. )

= (G —9)! Xs(sh(s — DI’
Case 2: For o € (0, 1), we have
BDtaT(I)Z [07 L(;‘,](t)ﬂ""L?",Mt(t)]y (10)

where (D} is the Caputo derivative and it is defined as

L (=B )

oDY¥L7 i(t)=L% .(t) = ,J=12,..., M. 11
oDrLr ()= Lt ;) g(j—s)!(s!)rxr(wl—a) / ' (b
Now we will calculate spatial derivatives of
L(x) = [Lx,0(x), Lx1(x), ..., Ly, (0)]".
For first order derivative of L(x),
dL(x)
I = [LY o(x), Ly ;(x), ..., Ly, (01" (12)
Similarly for second order derivative of L(x),
d’L(x) ,
T = L) L (0, s Ly 01, (13)
and for B € (1, 2), we get
§DPL(x) = [L% o(x), Ly ;). ..., LYy (01, (14)

where ng is Caputo derivative and it is defined by
4 (_I)H-S(l- + s)!xs—ﬂ

cnB . =
oDy Lx,i(x)= ; G —)EHXsT(s+1-8) .

m=DX (=T

= —— where
M, — 1) M, —1)

The parameter for the training set is chosen on uniform grid points as x,, =
me{l,2,....,My}and n e {l1,2,..., M,}.
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Substituting (7) into the model (1) and using Eqs. (10), (12) and (14), the errors ery, , at sample points (x,,, t,)

for non-initial states m € {2,3,...,M,, — 1} and n € {2,3, ..., M,} are calculated as
My M; M, M;
erd =33 ul Ly iCen)L§ j(6) — Y Yl ;L% (o)L j (1)
i=0 j=0 i=0 j=0
My M; My M; My M;
= v ul L)Ly j(0)" (O Y ul L )Ly () = 2O Y ul Ly i(xw)Lr ()
i=0 j=0 i=0 j=0 i=0 j=0
My M;
1
+ 200> ul Ly i) Ly ()" (16)
i=0 j=0
While for initial condition (2), n =1 and m € {1,2, ..., M,,} and we have
My My
=YY ud Ly )Ly (1) — ¥i(xn). 17)
i=0 j=0

For boundary condition (3), m =1 and n € {2, ..., M,}. Therefore,

erf, Z Zu, JLxi DLy () — Pa(ty), (18)
i=0 j=0
and for boundary condition (4), m = M,, and n € {2, ..., M,} so that
My M;
erly =Y ul Ly )Ly j(ta) — U3(ta). (19)
i=0 j=0

The gth error matrix is defined by E? = (er,%,n)me u, - The Frobenius matrix norm of EY matrix is defined by

Mpn My

IE)} = Z > erd ). (20)

m=1 n=1
Next, the Weight adjustment formula [13] is given by
g+1

wi; =uj;+ Aul], 21
forq =0,1,2,..., N, with
My M,
ANET|? Sl derpn
q _ F _ ,
Auij=—p ouf; @MY du?
L, m=1 n=1 L]
Case 1: Whenm € {2,3,...,M,, — 1} and n € {2,3,..., M,}, we get
derl My M;
o = LG (1) = LY )Ly () —v(D Y " ul Ly iGen) Ly j (1)) (L ;Com) L. (1)
i,j i=0 j=0
My M; My M;
1
- V'? Z Z”, JLX t(xm)LT j([n))77 (LXt(xm)LT j(tn) Z ZM Lx,(xm)LT j(til))
i=0 j=0 i=0 j=0
M M,
— M(LxiCon)Lr (@) + 20+ DYl Ly iGon)Lr (1)) (L. Com) L. (2)).
i=0 j=0

Case 2: Whenn =1and m € {1,2, ..., M,,}, we obtain
der, |

q
Bui,j

= Lx i(xp)L7,j(t1),
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Case 3: Whenm =1and n € {2,3,..., M,}, we find

erﬁn
ol Lx i(x1)Lr, j(tn).
ij
Case 4: When m = M, and n € {2’ 3, ... , Mn}, we have
er;{dmvﬂ 2
“oul Ly ;(xm, )L j(tn).
ij
Hence,
Mp—1 My,
AM?J ==f Z Zerr%,n{LX,i(-xm)L?"j(tn) — L/?(,i(xm)LT,j(tn)
m=2 n=2
My M;
- U(Z Z u;'],jLX,i(xm)LT,j(tn))ﬂ(L/X,[(xm)LT,j(tn))
i=0 j=0
A U . My M,
- Un(z Z u;{jLX,i(xm)LT,j(tﬂ))”7 (Lxsi(xm)LT,j(tn)) (Z Z MZJ'L/X,i(xm)LT,j(tn))
i=0j=0 i=0 j=0
My M;
— MLyx.iGon)Lr j(t) + 2+ DO ul jo,i(xm)LT.j(tn))”(nyi(xm)LTyj(tn))}
i=0 j=0
My, M, "
— Y erd (LuiCinLr @) = p Y erl (LxaGe)Lr j(0) = p Y erly (L iGan, )Lz j(10)).
m=1 n=>2 —

Initial values of weights bt?_j fori =0,1,2,~,M, and j =0,1,2,~, M, can be chosen at random. The maximum
number of training allowed is N and the learning rate of the neural network is p.

Algorithm.
1. Construct sample points (x,, ,), where m = 1,2,..., M, and n =1,2,..., M,,.
2. Generate the weights ugj fori =0,1,2,...,M,and j =0,1,2,..., M, at random.
3. Calculate the Frobenius matrix’s norm E9, g < N.
4. Calculate the weights’ increase Auz j
5. Adjust the weights’ uﬁ ; in accordance to the relation (21).
6. Take a rest if ||EY||p < € or training time ¢ < N. Go to Step 3 if not.
7. Network test.

The theorem below discusses the learning rate p of NNM.

Theorem ([/3]). Assume that the parameter settings for the neural networks for model (1) are given by spatio-
temporal neurons M, x M, and the number of sample points are M,, x M,,. If the Lipschitz condition with parameter
L is satisfied by the reaction term R(w) and the constant associated with the Lipschitz parameter L and reaction
term R(w) is Mg 1 > 0, then in order to guarantee that the error function reduces with practise, should satisfy

1+ VMuM,

My M MMM,

0<p<

4. Numerical application

This section focuses on validating the suggested approach by employing it to solve two well-known standard
test cases.

Example 1. Let us consider the following FRADE [21] as
0%w(x, 1) _ Pw(x, 1)

91 9xB + dw(x, )(1 — w(x, 1)), 22)

20

+ UJ(X, t)w

X
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Table 1
Frobenius norm of error matrix for Example 1 at
different number of training sets.

N Error
10,000 2.607 x 1074
20,000 5.1217 x 1073
30,000 9.8995 x 107°
40,000 1.6785 x 107
w(1,1)
0.85
0.80
~ . N=10,000
N=20,000
N=30,000
N=40,000
0.75 w(1,t)
0.70
0.65
0.2 0.4 06 0.8 10!

Fig. 1. Comparison of numerical solution of Example | for N = 10,000, N = 20,000, N = 30,000 and N = 40,000 with the exact solution
at x = 1.

where w(x, t) is a continuous function on [0, 1] x [0, 1] with initial condition

1 1 by
’0 = — — 1 h—’ 23
w(x, 0) 2+23n (4) (23)
and boundary conditions
1 1 5t
0,7) = — + — tanh(— 24
w(0, 1) 2—i—zan(g), (24)
ow(l,r) 1 51 5t
——~ = —sech”(- (1 + —=)), 25
o =g G+3) (23)
which has the exact solution [2]1] atoa =1, B =2 and . =1 as
1 1 1 5t
,1) = — + —tanh(- —)). 26
w(x, 1) 2+2an(4(x+2)) (26)

This example represents a nonlinear model which is particularly challenging to solve. The goal of this example
is to evaluate the precision of NNM when solving a nonlinear model. The following parameters are used to
set up the model for spatial interval X = 1, time interval T = 1, n = 1, learning rate p = 5 x 1073,
M, = M, = M, = M, = 5. We can see from Table | that as number of training sets is increased, the error
reduces and the accuracy of NNM improves. The comparison of the numerical solutions estimated by employing
NNM with different number of training data points and exact solution is shown in Fig. 1. The graph perfectly
demonstrates that increased number of training sets leads to enhanced numerical accuracy and also demonstrates
that there is good agreement between the exact and numerical solutions.

Example 2. Let us consider the following FRADE [23] given by

a B
Twlx, ) _ w1 w(x, t)w + wix, (1 — wix, 1)), Q27)
1% oxp ox

21
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w (0, t)

0.95

T N210,000
N=20,000

0.90

0.85

0.80

0.75

t

0.2 0.4 0.6 0.8 1.0

Fig. 2. Comparison of numerical solution of Example 2 for N = 10,000, N = 20,000, N = 30,000 and N = 40,000 with the exact solution
at x =0.

Table 2
Frobenius norm of error matrix for Example 2, at
different number of training sets.

N Error

10,000 4.0862 x 107
20,000 5.8519 x 1079
30,000 8.57706 x 107°
40,000 1.1286 x 107°

where w(x, t) is a function in C[0, 1] x C[O0, 1] with initial condition

T 1
w(x, 0) = §+§tanh(%‘), (28)

and boundary conditions

1 1 10z
0,t) =,/ = + —tanh(—), 29
w(0, 1) 5 + 5 tan ( 5 ) (29)
1 10t
2
811](1, t) sech (5(1 =+ T))
ox T, 1o (30)
X t
6ﬁ\/1 + tanh(3 (1 + =)
which has the exact solution [23] atoa =1, B =2 and . =1 as
(x,1) \/1 +1t h(l( + 10t)) (31
w(x, 1) =,/= + =tanh(=(x + —)).
’ 2 2 3 3

As in previous example, this example also aims to demonstrate how NNM solves a nonlinear model accurately
for n = 2 for the model (1). The model is configured using the parameters viz., spatial interval X = 1, time interval
T = 1, and learning rate p = 5 X 105, M, = M, = M,, = M, = 5. Table 2 demonstrates that as number
of training sets is extended, the error decreases and NNM accuracy increases. Fig. 2 depicts the comparison of
the exact solution and numerical results for different numbers of training sets. The figure clearly shows that more
number of training sets result in higher numerical accuracy. The agreement between the numerical and exact results
is also demonstrated in Fig. 2.

22
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Lyo(x 90,0 Lro(0)

\

H \ wi(x,t)
Ly p, (%) uy, L W, Ly, (8) /
Fig. 3. Neural network structure.
w(x, 0.5)
0.8 B=16
B=17
B=18 -
B=1.9 =
0.6 =2 B
0.4
0.2
0.2 0.4 0.6 0.8 1.0 %

Fig. 4. Plots of concentration of the solute at fixed t = 0.5 for « = 0.6, 8 =1.6,1.7,1.8,1.9,2, A = —1 and v = 0.6 where training set
N = 30,000.

5. Application of NNM to solve the considered nonlinear FRADE

This section takes the following initial condition and boundary conditions into consideration as it attempts to
solve the nonlinear FRADE given in (1).

w(x,0)=x2,0<x <1, (32)

w(0,1)=0,0<r<1, (33)

dw(l, _

WD _ < <1, (34)
ox

Our goal is to use the validated numerical method based on NNM to solve the model (1) with initial condition (32)
and boundary conditions (33) and (34) for different particular cases. Fig. 4 shows the variations of solution for
fixed « = 0.6 and 8 = 1.6,1.7, 1.8, 1.9, 2 and advection coefficient v = 0.6, at A = —1 whereas Fig. 5 depicts
the nature of solution for « = 1 and 8 = 1.6,1.7,1.8,1.9,2 and v = 0.6 at A = —1. The graph shows that
the concentration of the solute drops as the order of the spatial derivative 8 moves from the fractional-order to
the standard order. The solute travels a shorter distance in the soil column when 8= 2 (standard order case) as
compared to a fractional-order system, which is physically justified. Fig. 6 shows the solutions for fixed 8 = 1.6
and o = 0.6,0.7,0.8, 0.9, 1 and advection coefficient v = 0.6 at A = —1 and Fig. 7 depicts the nature of solution

23
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w(x, 0.5)

0.8

0.6

0.4/

0.2}
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B=
B=
B=
B=
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0.2

0.4

0.6 0.8 10 ¥

Fig. 5. Plots of concentration of the solute at fixed t = 0.5 for « = 1,8 =1.6,1.7,1.8,1.9,2, A = —1 and v = 0.6 where training set

N = 30,000.

w (x, 0.5)

1.0

0.8

0.6

0.4

0.2

R
n
o

oN®o

cooo

RR KRR

0.2

0.4

i x
0.6 0.8 1.0

Fig. 6. Plots of concentration of the solute at fixed t = 0.5 for 8 = 1.6, = 0.6,0.7,0.8,0.9,1, A = —1 and v = 0.6 where training set

N = 30,000.

wo(.g’ 0:2)

0.6

0.4

0.2

z ‘/

RRQRR
wnonnn

eLoo=
oNwio

0.2

04

0.6 0.8 10X

Fig. 7. Plots of concentration of the solute at fixed t = 0.5 for 8 = 2,0« = 0.6,0.7,0.8,0.9,1, A = —1 and v = 0.6 where training set

N = 30,000.

at fixed 8 =2 and @ = 0.6,0.7,0.8,0.9, 1 and v = 0.6 at A = —1. These graphical representations demonstrate
how the solute covers more length as the order of the time derivative o goes from fractional-order to standard order.
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w(x, 0.5)
0.8
n=1
0.6 n=2
n=3
0.4
0.2
. x
0.2 0.4 0.6 0.8 1.0

Fig. 8. Plots of concentration of the solute at fixed r = 0.5 for « = 0.6, 8 = 1.6, n =1,2,3 and v = 0.6 where training set N = 30,000.

w(x, 0.5
0!8 )

0.6

0.2 0.4 0.6 0.8 BT

Fig. 9. Plots of concentration of the solute at fixed r = 0.5 fora =1, 8 =2, n=1,2,3 and v = 0.6 where training set N = 30,000.

Figs. 8 and 9 depict the solution profiles at fixed 8 = 1.6, « = 0.6 and B = 2, o = 1, respectively for A = —1,
v = 0.6 and n = 1, 2, 3. These graphical results show that the solute covers less distance in soil column with
increase in the order of nonlinearity in the reaction term. Fig. 10 shows the numerical solution obtained at fixed
B=2anda=1atAr=—1,0,1and v = 0.6. It is observed that for the fixed values of « and $, the concentration
of the solute is less for the system with sink term (A = —1), as compared to the system with conservative contaminant
(A = 0) and for the system with source term (A = 1). This is physically justified that more damping will be found in
the presence of sink term (A = —1) as compared to the source term (A = 1) as well as for the case of conservative
system (A = 0). It is noticed in all the graphs that the nature of the solution is similar for each case.

6. Conclusion

The nonlinear FRADE studied in this article is an attempt to determine its approximate solution under the
specified initial and boundary conditions using NNM. This method includes training using a limited number of
sample points in order to determine the weights of neurons. The trained neural network is then utilized for obtaining
the solutions for the PDEs under unknown conditions. The applicability of the method is demonstrated by employing
it to two test cases where exact solutions are known. Then the NNM is utilized to solve a FRADE. The results
explains the concentration of solution profile decreases when the time derivative of the system approaches a standard
order from the fractional order. The most crucial finding of the article is that, as the spatial order derivative decreases,
the solute travels a shorter distance in the soil column for the standard order case (8 = 2) as compared to a fractional-
order system. As a result, the concentration of solute will cover a longer soil column length, which is evident from
the visual representations of the data. The successful implementation of NNM for solving FRADE as done in the
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Fig. 10. Plots of concentration of the solute at fixed t =0.5 fora =1, =2, A=1,0,—1 and v = 0.6 where training set N = 30,000.

present work opens doors for future investigations on suitable basis functions for additional boundaries, like the
Robin boundary or the Neumann boundary. After achieving the outstanding results while applying on the nonlinear
time—space FRADE, the authors are confident to apply the proposed method to handle the nonlinear FRADE in two
dimensional case and also solving many such nonlinear FPDEs under the prescribed Robin or Neumann boundary
conditions having physical relevance. Moreover there is significant scope of upgrading the proposed method NNM
to increase the accuracy, normalization and dropout of the method which will be taken care in near future during
handling the nonlinear problems in fractional as well as integer order systems.
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